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Abstract. In this paper, we introduce a new weighted Hardy-Cesaro operator 
1 

defined by U^gf{x) = J f {s{t) ■ x) ilj{t)dt, which is associated to the parame- 


ter curve s{t, x) = s(t)x. Under certain conditions on s{t) and on an absolutely 
homogeneous weight function lj, we characterize the weight function i/) such 
that U^^g is bounded on L^{u)), BMOiu)). The corresponding operator norms 
are worked out too. These results extend the ones of Jie Xiao |30| . We also 
give a sufficient and a necessary condition on the weight function ij), which 
ensure the boundedness of the commutators of operator U^^^ on L^iuj) with 
symbols in BMO{uj). 



1. Introduction 
Let / G ijocJ then the classical Hardy operator U is defined by 

Uf{x) = - / f{t)dt. 
X Jo 

A celebrated Hardy integral inequality can be formulated as 

\\uf\\LP{».) < I II/IUp(r)i 

where 1 < p < oo and the constant is the best possible. 

The Hardy integral inequality and its variants play an important role in various 
branches of analysis such as approximation theory, differential equations, theory of 
function spaces etc. Therefore, there are various papers studying Hardy integral 
inequalities for operator U and its generalizations. Up to now, there are two types 
of Hardy operator in n— dimension case. The first one was introduced by Faris 
in 1976, and in 1995, M. Christ and L. Grafakos [9] gave an equivalent version of 
n— dimensional Hardy operator 

(1.1) ^^(^) = in^/, , Z^^^'^^' 

^'nl-'-l J\y\<\x\ 

where n„ = r(r+n/2) ■ 
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The second one appeared in 1984, by Carton-Lebrun and Fosset [4], in which the 
authors defined the weighted Hardy operator as the following. Let ip : [0, 1] — > 
[0, oo) be a measurable function, and let / be a measurable complex-valued function 
on R". The weighted Hardy operator is defined formally by 

(1.2) U^f{x)^ [ f{tx)tP{t)dt, xGR". 

Jo 

Various approaches are described and some extensions are given for the first 
Hardy operator U and its modifications. Specially, there appeared a lot of papers 
which have discussed the problems of characterizing the weights (u, v), for which U 
and its generalizations are of weak and strong type (p, q) , or are bounded between 
Lorentz spaces, BMO, ... (see [I [3 [5l H 1 [11 [13 [211 [HI [13 [M [23 [26] ) . 

Under certain conditions on ■0, Carton-Lebrun and Fosset [1] found that JJ^ is 
bounded from BMO{W^) into itself. Moreover, commutes with the Hilbert 
transform in the case n = I and with a certain Calderon-Zygmund singular integral 
operator (and thus with the Riesz transform) in the case n > 2. In 2001, J. Xiao 
[30] obtained that is bounded on LP(R") if and only if 

A :^ [ t''^'Pi}{t)dt <oo. 
Jo 

Meanwhile, the corresponding operator norm was worked out. The result seems to 
be of interest as it is related closely to the Hardy integral inequality. For example, 
if i/) = 1, and n = 1, then may be reduced to the classical Hardy operator. 
In [30], J. Xiao also obtained the _BAfO(R")— bounds of ?7^, which sharpened and 
extended the main result of Carton-Lebrun and Fosset in [4]. He considered the 
weighted Cesaro operator 

v^fix) = r f{x/t)t-''i^{t)dt. 

Jo 

It is known that both Hardy operator and Cesaro operator play an important role 
in various fields. For example, the Calderon maximal operator (see 12] ), which is 
important in interpolation theory, is the sum of the classical Hardy operator U and 
the classical Cesaro operator V, where 

Vf{x) = r ^dy, [x > 0). 

Jx y 

In fact, is Banach adjoint of and they are commutative and thus J. Xiao also 
obtains the boundedness and bounds of V[p on L^, BMO and iJ^(R")-the Hardy 
space on R" . 

Recently, Z. W Fu, Z. G Liu, and S. Z Lu [H] give a sufficient and necessary 
condition on weight function tp, which ensures the boundedness of the commutators 
of weighted Hardy operators ?7^, with symbols in _BMO(R") and Lp(R"') with 
1 < p < oo. In addition, several authors have considered the boundedness and 
bounds of on Morrey spaces, Campanato spaces, Qp^^-type spaces, Triebel- 
Lizorkin-type spaces (see [111 [23 [28l [32] ) . We note that in [20], the authors 
showed a very interesting application of the second weighted Hardy operators. They 
notes that the boundedness of the Cauchy singular integral operator Sr in Morrey 
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spaces on an arbitrary Calerson curve could be reduced to the boundedness of 
weighted Hardy operators to be bounded in Morrey spaces. These Hardy operators 
are the ones of second type. 

There is a connection between the above two types of Hardy operators. If ^j(t) — 
1, and n = 1, then Ujf, is just reduced to the classical Hardy operator U. If n > 2, 
then the restriction of "H on class of radial functions is with ip{t) = nt^~^ (see 
[HI IS2])- Thus, many results on the Hardy operators of second type (which seems 
to be more easier to study) can be changed to the first one with restriction on 
class of radial functions. These Hardy operators of second type also contain the 
class of Riemann-Liouville integral operators in case n — 1 and ^/j{t) ^ /3(1 — t)*^^^, 
/? > 0. We obverse that, the value of U^f at a point x just depends on the weight 
average value of / along a parameter s{t, x) — tx. By the analogues of singular and 
maximal operators associated with certain submanifolds of positive codimension in 
R", we are motivated to consider the generalized Hardy-Cesaro operator as follows. 

Definition 1.1. Let i}} ■ [0,1] — > [0, oo), s : [0, 1] — R be measurable functions. 
We define the generalized Hardy-Cesaro operator U^^s, associated to the parameter 
curve s{x,t) :— s{t)x, as 

(1.3) U^,sf{x) = / f{s{t)x)mdt, 

JQ 

for a measurable complex valued function / on W^. 

Let us explain why we call U^^s Hardy-Cesaro operators. In fact, they contain 
both type of classical Hardy operator and Cesaro operator. If s{t) = t, U^^s is 
reduced to and if s{t) = 1/t, we replace ^p{t) by t~^^'ip{t), then U^jj^s is reduced 
to weighted Cesaro operator 

V^f{x) = [ f{x/t)t-''mdt. 
Jo 

The operator can be generalized to 

(1.4) V^.Jix) = r f {s{t)x) \s{t)rmdt. 

Jo 



Let 6 be a locally integrable function on M". The commutators of b and operators 
Ut(,,s, V^^s are respectively defined by 

(1-5) u^j = bu^M)-u^Abf), 

and 

(1-6) VlJix) = bV^M) - V^Abf)- 



For convenience, let us introduce some definitions and notations. Let io{x) be a 
measurable function in M" with a; > 0. A measurable function / is said to be in 
LP{uj) if 

II/IIlpm = ( f \f{x)\M^)dx) 
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We denote by BMO{uj) the space of all functions /, which are of bounded mean 
oscillation with weight w, that is 

(1-7) ll/llBA/o(t^) = sup— -5— / \f{x) - fB,uj\(^{x)dx < oo, 

B uj{B) Jb 

where supremum is taken over all n— dimensional ball B. Here, uj{B) ~ Jg uj{x)dx, 
and is the mean value of / on _B with weight w: 



fQ,u, = —77^ / f{x)uj{x)dx. 

JQ 

The case w = 1 of (|1.7p corresponds to the class of functions of bounded mean 
osciUation of F. John and L. Nirenberg [l^. We obverse that L°°(M") C BMO{uj). 
It is useful to state the following well-known result: 

Lemma 1.2. Let lo be a weight function with doubling property, that is for some 
positive constant A, we have 

uj{B{x,2r)) < Cuj{B{x,r)) , 



for all x G K" and r > 0. Then, for any 1 < p < 00, there exists some positive 

i/p 



contant Cp so that 



p{uj) = {jJJb) J ~ fB,S ^i^)dx^ < Cp\\f\\BMO{uj)- 



\BMO 



The Hardy-Littlewood maximal operator M^j with weight uj is defined by 

= sup — 5— - / \f{y)\uj{y)dy. 

B 0J{B) Jb 

There is a simple variant of the maximal theorem for weight as the following 

Lemma 1.3. Let uj has doubling property, then there exists a positive constant Cr 
so that 



{M^f{x)Yuj{x)dx <Cr / \f{x)Yuj{x)dx 
for any 1 < r < 00, f G L^{lj). 

Lemmas 11.21 and 11.31 are well-known (see [25l Chapter V] ) , so we omit their 
proofs. 

It is our goal in this paper to study weighted norm inequalities for weighted 
Hardy-Cesaro operator U^^s and its commutator ^. More precisely, we obtain 
some sufficient conditions on weight function uj, and on function s{t) for which we 
give the sufhcient and necessary conditions on -0 so that U^,s is bounded on LP{uj) 
and BMO{ijj). It is interesting to know that, in some case of s{t), the i?MO— bound 
of C/^.s depends on the dimension n. We also find the characterizations on ip{t) 
so that, under certain conditions on ijj{x) and s{t), then the commutator ^ of 
the generalized Hardy-Cesaro operator U^p^a is bounded on BMO{uj) with symbol 
b G BMO{uj). These results actually are more general than those obtained in [30j . 

m. 
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2. Bounds of Hardy-Cesaro operator on weight and weight BMO 

SPACES 

The purpose of this section is to prove the boundedness of the generahzed Hardy- 
Cesaro operator U^^s on LP{uj) and BMO{uj) with certain conditions on The 
method involve techniques similar to those used in [30^, but with a more careful 
analysis for the boundedness on BMO{uj). We also work out the operator norms 
on such weight spaces. These results extend the results in |30j . 

It is conventional that ijj{x)dij{x) refers to 2a;(l) in case n ~ 1. Then, the 
class of weight functions w, which we shall consider, is the following. 

Definition 2.1. Let a be a real number. Let Wq be the set of all functions oj on R", 
which are measurable, bj{x) > Q for almost everywhere a; G M", < uj{y)da{y) < 
00, and are absolutely homogeneous of degree a, that is uj{tx) = |t|"w(a;), for all 
teR\ {0}, X e R", where Sn ^ {x e M" : = 1}. 



We remind that, if we define the measure p on (0, oo) by p{E) = J^r" ^dr, 
and the map $(a;) = ^|a;|, , then there exists a unique Borel measure cr on 
such that p X (T is the Borel measure induced by $ from Lebesgue measure on R" 
(n > 1). (see [TH page 78], [131 page 142] for more details). 

Let us describe some typical examples and properties of W^. Note that, a weight 
uj G Wa may not need to belong Lj'^^(R"). In fact, we observe that if a; £ Wa, then 
uj G iiQj.(R") if and only if a > ~n. 

If n = 1, then uj{x) = c\x\", for some positive constant c. For n > 1 and q 7^ 0, 
uj{x) — \x\°' is in Wa- If wi, W2 is in Wa, so is 9uJi + Xuj2 for aU 9,X> 0. There are 
many other examples in case n > 1 and a ^ 0, namely i-o{xi, . . . = In 
case n > 1 and a = 0, we can construct a non-trivial example as the following: let 
(j) be any positive, even and locally integrable function on Sn — {x d R" : |a;| = 1}, 
then 



uj{x) 




if X 7^ 0, 
if a; = 0, 



is in Wq. 

Lemma 2.2. For any real number a, i/w G Wq, and e > 0, then 

{Is„ '^ix)d(T{x) 
Ml) iin = l. 

Proof. Since the proofs of these equalities are similar, we shall only give the proof 
of 

^(x) , \^—e ifn>l, 

-dx = ' 



l-l>i 1^1"+"+' [Mil if,,^i 
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We first consider the case n > 1. Then 

J\x\>l Fl ^ ^ Ji Js(o,r) r ^ ^ 

Since w G Wq, we have 

-. — I — ' — —dx — I — —dr ■ I uj(y)da(y) — — uj(x)da(x). 
|>i 1x1"+"+^ ii r«+^ Js„ eJs„ ^ ' ^ ' 

We now consider the case n = I. Since uj G Wq, we have w(x) = c|x|", for some 
contant c > 0. We have 

uj(x) , /"^ 1 / / \ / XN , 2c 
7—-- — —dx~ I — n — — (cjla;) + wl— xj) dx = — . 

□ 



In [30], Jie Xiao proved that is bounded on ^^(8"), if and only if 



I t-'^'^i}{t)dt < oo. 

Jo 

He also showed that A is the L^-operator norm of U^,. One of our main results in 
this section is formulated as follows. 

Theorem 2.3. Let p G [1; oo], a be real numbers and uj G Wq. Let s : [0; 1] — S> K 
be a measurable function so that \s{t)\ > t^ a.e. t E [0, 1], for some constant /? > 0. 
Then, U^_s : LP{uj) — LP{uj) exists as a bounded operator if and only if 



(2.1) 



\s{t)\ ~i){t)dt < oo. 



Moreover, when h2.1\) holds, the operator norm ofU^^s on LP{uj) is given by 

»i 



(2.2) 



If/, 



4>,s\\LP(u:)'^Li'{u}) 



\s{t)\ ~il;{t)dt. 



Proof. Since the case p = oo is trivial, it suffices to consider p G [1; oo). Suppose 
(|2.ip holds. For each / G LP{uj), since s{t) ^ almost everywhere, w is homoge- 
neous of order a, and then applying Minkowski's inequality (see [THl page 14]) we 
shall obtain 



W^.sf\L-P{i^) 



f{s{t)-x)^{t)dt 



< 



uj{x)dx 



i/p 



\f {s{t) ■ x)f oj{x)dx ] '4}{t)dt 
\f{y)\^Ht)r-''u{y)dy\ 



HI/IU^'M- / W)\' — i>{t)dt<^. 
Jo 
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Thus, U^^s is defined as a bounded operator on and the operator norm of 

Uip^s on LP{lu) is satisfied 



(2.3) 



\\U-4^.s\\LP(u:)^LPiu:) < / \s{t)\ " 'ip{t)dt. 

Jo 



Conversely, assuming that is defined as a bounded operator on LP{uj). For 
any < e < 1, we put 



(2.4) 



\x\ p 



if |a;| < 1, 
if \x\ > 1. 



Applying lemma [2?2| /e G LP{uj) and ||/c||LP(t^) > 0, we have 



JS{t,x) 

here S'(<, x) = {t e [0, 1] | so that \s{t) ■ x\ > 1}. Hence 



\\Ui.M\U.) 



I — n— a— pe 



uj{x)dx. 



\s{t)\ 5 — '^^(Orfi 

IS{t,x} 

Since |s(i)| > for a.e. t G [0, 1], there exists a measurable subset E of [0, 1] with 
\E\ = so that 

5(t, x)D{te [0, 1] I i > l/|a;|i/^} \ 

Put (5 = then 

-''-°'-P'uj{x)dx\ ■ (j^ \s{t)\-'^-'ij{t)dt\ 



\\U^,sfe\\l,(^) > I / \X\ 



1/5 



So we have 

/.I 

I|f/^..||LPM^LPM >'5-^' / |s(t)r^-'V(i)'^<- 

Jl/(S 

Letting e — 0+ we obtain 

n + a 

(2.5) / \s{t)\ ~i\j{t)dt<\l]^^s'^Lv(^u,)^Lf{^) <'xi. 

Jo 

From (12. 3p and (|2.5p . we will receive 



□ 



Using the proof of theorem 12. 3[ we could find a sufficient condition on ip such 
that the integral operator i^^.s, which is determined as 



i^^,sf{x) = / f{s{t)x)^{t)dt. 

Jo 



is bounded on U'{ui). 
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Theorem 2.4. Letp e [1; oo], a be real numbers andoj e Wq. Let s : [0; 1] ^ M be 

a measurable function. Then, lA^ s ■ L^{i-o) — > L^iui) exists as a bounded operator 
if, 

r°° „+c 

(2.6) / \s{t)\ —^{t)dt <oo, 

Jo 

and 



\\U4,,s\\lp{u:)^Lp{u,} < / \s{t)\ " li}{t)dt <00. 



Using theorem 12.31 we could deduce some generalizations of Hardy's integral 
inequality. In case s{t) = i, a; = 1 we obtain the above J. Xiao's result (see [301 
page 662]). On the other hand, in case n = 1, u}{x) = |a;|^~''~^, and V'(i) = 1 we 
get 

(2.7) ^ ^ \f{t)\dtj x-'-'dxj <l[^j^ \f[t)\PiP-'-^dt^ , 
and in case n = 1, s(t) = j, ip{t) = t^^ and uj{x) = |a:|P+''^^, then 



(2.8) ^ ^ \f{t)\dtj x-'-^dxj <^y^ \fit)\PtP-'-'dt 

Two such elementary well-known Hardy integral inequalities can be found in |15[ 
page 29]. 

Corollary 2.5. Let p G [1; oo], a be real numbers and uj £ Wq,. Let s : [0; 1] — !• R 

be a measurable function so that \s{t)\ > t^ a.e. t G [0, 1], for some constant /? > 0. 
Then, V^^s '■ L'p[ijj) L'p{u)) exists as a bounded operator if and only if 

(2.9) / \s{t)\''^'^ij{t)dt < oo. 

Jo 

Moreover, when h2. 9\) holds, the operator norm ofV^.s on LP{uj) is given by 

(2.10) - / \s{t)\''-^mdt. 

Jo 

Proof. This is an immediate consequence of theorem l2.3l with the relation V,f,^sf{x) = 

U\,(.)\'^i;,J{x). □ 

Corollary 2.6. Let s, ip be measurable functions on [0, 1], and uj G Wq, and 

1 „ + c 

(i) / \s{t)\ ~^j{t)dt < oo, 



(ii) There are two positive real numbers /3,7 so that t^ < \s{t)\ < t~^ a.e. 
tG [0,1]. 



Then two operators U^^s cind V|5(.)|-q^ i/^ are mutually adjoint in the sense: for 
any f G Lp{ui), g G L'^(oj), 1 < p < oo and ^ + ^ — 1, we have 

(2.11) / 9{x)U^^sf{x)uj{x)dx ^ I /(y) (V|s(.)|-o^,i/sg(2/)) w(y)d?/. 
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Proof. If / G LP{uj), g G L'^{uj), theorem 12.31 and corollary 12.51 show that U^^sf G 
LP{uj) and V^s( )|-°i/.,i/s5 S L'^i'jj). Hence, both sides of (|2.1ip are finite. With the 
help of Fubini theorem, we have 

j{x)Uji,^sf{x)uj{x)dx~ J g{x) f {s{t)x) ip{t)dt^ uj{x)dx 

g{x)f {s{t)x) uj{x)dx ) ■4;{t)dt 



9 iy/m) f (y) ^(.y)dxj \sit)\---'^^p{t)dt 

f{y)uj{y) (^j\{y/s{t)) • \s{t)\-'^mdt^ dy 

f{y) {y\s(-)\-^^,i/sg{y)) ^{y)dy. 

□ 

Now we characterize the weight function -0 for which U^,s is bounded on BMO{uj), 
and we calculate the i3MO(w)— norm of U^^s- 

Theorem 2.7. Let p G [1; oo] be real number and uj belongs to W = [J Wq. Let 

a>—n 

s : [0; 1] ^ M. be a measurable function so that s(t) ^ almost everywhere on [0, 1]. 

(i) If 

(2.12) / ■4;{t)dt < oo, 

Jo 

then U^^s ■ BMO{lj) BMO{uj) exists as a bounded operator and 

\\U^,s\\bMO(u:)~¥BMO{u:) < / '4'(t)dt. 

Jo 

(ii) If n = 1 and U^^s ■ BMO{uj) — ?> BMO{uj) exists as a bounded operator, 
then 

r.1 



(2.13) 



sgns(i) • ip{t)dt 



< oo. 



Moreover, if s{t) does not change sign on [0, 1], then the operator norm of 
Utp^s on BMO{uj) is given by 

(2-14) \\U^.s\\bmo{u)~^bmo{u) = / ij{t)dt. 

Jo 

(iii) If n > 1, then U^^s ■ BMO{lu) — > BMO{uj) exists as a bounded operator, 
if and only if 112. 12\) holds. Moreover, the norm of U^_s on L^{uj) is also 
given by 

\\U^.s\\bMO(u:)^BMO(u:) = / ^{t)dt. 

JQ 

Proof, (i) Suppose (|2.12p holds and lu G Wq for some a > —n. Let / be in 
BMO{uj), and B be any ball of R". By using Fubini's theorem, we have 
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Jo \^[^) Js{t)-B I Jo 



s{t)-B,u} 



i){t)dt. 



Thus 



< 



L0{B) 



s{t)-B 



1/ {y) - fsitynA c^(j/)|s(i)|-"-"dy mdt 



II/IIbmom • / fl}{t)dt- 
Jo 



< 



Hence, ||t/v,«/llBMO(w) < ||/||bmo(w) • !o^{t)dt, so ?7^,s is bounded on BMO{uj), 
and in this case 

(2.15) \\U^,s\\bMO(lu)^BMO(u:) < / 



(ii) We assume that n = l and ?7^,s is bounded on BMO{uj). Let /o(a;i) = sgnxi, 
then for any segment B = {xq — r,XQ -\- r), where r > 0, then 



(/o)i 



uj{B+) -uj{B_) 



""'^ uj{B+)+u;{B_)' 
where B+ = {x ^ B : a; > 0} and i?_ = {x € B : x < 0}. Using a well-known 

2ab 
(a+b)^ - 2 



inequality , "^fyyi < for any a, 6 > 0, we shall obtain 



}(E) Jb -^"^^^ ~ (•^o)b,„ t^(a;)da; 



2w(B+)-w(B_) 1 



< 



< 



So we have proved that /o G BMO{u)), and < ||/o||bmo(wj — 2- 
Since fo{tx) = sgut ■ fo{x) for alH 7^ 0, we have 

U^,sfo{x) = fo{x) / sgns(i) • V(i)'^*- 
Jo 



Thus 

This implies 
(2.16) 



I t^i/J,s/o II BMO(w) — |i/o||BMO(i^) 



sgns(t) • Tp{t)dt 



[ sgns(i) • ip{t)dt 
Jo 



< \\U^,s\\bMO{u)^BMO{u) < 00. 
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(iii) We consider the case n > 1. In (i) we have proved that, the boundedness 
of Ujp^s could be huphed from (|2.12|) . So now we assume that U^^s is bounded on 
LP{ujj. Let Sn = {x : \x\ = 1} be the unit sphere in M" and (/}-. Sn R an 

essential upper bounded, even, non-constant function, that is 



ess.suptg5^|0(i)| = ||<?!)||oo < oo, = t e Sn)- 

Define 

ix/\x\) ifx^O, 

if a; = 0. 



Since /i G L°°(R"), then /i e BMO{lo) and ||/i ||ba/o(^) 0. Note that fi{tx) = 
fi{x) for i 7^ 0, so 

U^,sfi{x) = fi{x) [ i,{t)dt. 

Jo 

Taking _BAf 0(w)— norm both sides we have 

II/i||bMO(w) / 1p{t)dt ~ \\U^>.sfl\\BMO{Lj) < \\fl\\BMO{ij) ■ \\Uij,s\\BMO(cj)^BMO(Lj)- 

Jo 

Thus ()2.12p holds and we have 

fi 



\U^,s\\bMO{u)-^BMO{u) — I 'ip{t)dt. 

□ 



In theorem 12 .71 let us put s{t) — t and uj = 1, we shall get the result of J. Xiao 
for as follows 

Corollary 2.8. : BMO{R") BMO{R") exists as a bounded operator, if 
and only if 

f-i 

i){t)dt < oo. 



Moreover, the norm operator of on BMO{R"') is given by 

1 



\\U^,s\\BMOiuj)-fBMOiuj) — / '^{t)dt. 

Jo 

3. Commutator of the generalized Hardy-Cesaro operator 

Recently, Zun Wei Fu, Zong Guang Liu, and Shan Zhen Lu [M] established 
a sufficient and necessary condition on weight function il)(t)^ which ensures the 
boundedness of the commutators (with symbols in BMO{W^)) of weighted Hardy 
operators and weighted Cesaro operator on L^iW^). The purpose of this 
section is to extend their results to generalized Hardy-Cesaro operator U^^s on 
weighted LP{uj) spaces. 

Let 6 be a measurable, locally integrable function and ip '■ [0, 1] — [0, oo) be a 
function. We define the commutator of weighted Hardy-Cesaro operator U^^s as 

U'^^J:=bU^,sf-U^Abf)- 
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Similarly we define the commutator of weighted Cesaro operator ^ as 

Vlj:^bV^,s{bf)-bV^,M)- 



It is known that commutators of (singular) integral transforms have been of 
interest in many contexts, particularly in the theory of P.D.E. The Hardy operator 
U is well-known to be controlled by Hardy-Littlewood maximal operator M . To 
obtain estimates for commutator of generalized Hardy-Cesaro operator U^^s, we 
use the weight Hardy-Littlcwood maximal operator Mi^ to control U^^s- Our main 
result in this section is formulated as follows. 

Theorem 3.1. Let ip : [0,1] — ^ [0, cxa), s : [0, 1] M be measurable functions, 
UJ £ Wq, has doubling property, a > — n and 1 < p < oo. We also assume that 
there exists real constants /3,7 such that (3j > and t^ < \s{t)\ < f for almost 
everywhere t G [0, 1] . 

(a) // [/^ ^ is bounded on L^iuj) for any b G BMO{uj), then 



(3.1) 



<t)\ 



log' 



1 



sit)\ 



ip{t)dt < OO. 



1/5 



Moreover, if j3,^ > 0, then J ^{t)dt < 



C 



(^^ 
constant, which does not depend on 6. 

(b) If\s{t) \ =t^, and 



-1) 



, where C is a positive 



(3.2) 



log 



\s{t) 



' tp{t)dt < OO, 



p • ip{t)dt < OO, 



then ^ is bounded on L'p{ijj) for any b G BMO{uj) with operator norm 



\uU\ 



\s{t)\-—m['^+ 



los 



dt 



\BMO{lo)- 



1/5 



Remark. We observe that, (|3.ip implies / \s{t)\ p ■ijj{t)dt < oo, for any S > 1. 



But unfortunately, as is shown in jl4j . p.ip is not enough to imply 



\s{t)\ ~ ■ ij;{t)dt < OO. 



To prove theorem 13. 1[ we need the following lemma 

Lemma 3.2. If io G Wa and has doubling property, then log |a;| G BMO{lj). 

Although lemma [32] seems to be well-known, but we could not find any proof of 
it in the literature. One way to prove it is as follows. 
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Proof. To prove log |x| G BMO{lu), for any xq G M" and r > 0, we must find 
a constant Cxo.r, such that ^(^(1,^^^)) I\x-xo\<r I^^S l^^l ~ Cxo,r\uj{x)dx is uniformly 
bounded. Since 



1 



uj{B{xo,r)) 



|log \x\ - Cxo^rl Lo{x)dx 



|a: — a;o I <^ 



y.a+n 



LU {B{xo,r)) 



1 



|log|z| -logr - Cxo,r\(^iz)dz 



z — r ^xq\<.1 



u;{B{r-^Xo,l)) 



\\0g\z\ - logr - C:ro,r| w(z)(iz, 

\z — r^^X()\<l 

we may take c^g^r = Cr-'^xo,i + ^ogr, and so things reduce to the case that r = I 
and Xq is arbitrary. Let 

1 



A, 



uiBixo,!)) 



|log|z| - Cxo,i\uj{z)dz. 



\z — xo\<.l 



If 1^0 1 ^ 2, we take c^^^^.i — 0, and observe that 



-~mr — Tv^ / logs •a;(z)dz = log3 
uj(B[xo,l)) J 

\z\<3 

, „ uj(B(xo,6)) ^ 
< log 3 • < C < CO, 



c^(i3(0,3)) 
cj(B(xo,l)) 



^(S(a;o,l)) 

where the last inequality comes from the assumption that uj has doubling property. 

If \xo\ > 2, take Cxo,i = log \xo\. In this case, notice that 

1 



A, 



u;{B{xo,l)) 







f 









B{xoA) 



uj{z)dz 



< 



uj{B{xa,l)) 



max < log — j — j — , log 



Fol 



B(xo,l) 



< max < log — j — j — , log 



Xo\ - 1 



Xo\ - 1 

< log 2 



■ uj{z)dz 



Thus log |x| is in BMO{uj). 



□ 



Proof of theorem \3.1\ (a) To complete the proof of (a) we need to consider two 
cases when /?, 7 are both positive or both negative. Let us consider the first case 
when /3,7 > 0. We assume that \\U^^g\\Lv{ui)^Lp{u}) < 00 for any b G BMO. Set 
b{x) = log |x| G BMO{uj) (by lemma [3^ . For any < e < 1, take f^ as in 
then 

UlJ.{x) = -\x\-^-^ f |s(i)r^- log \s{t)\ ■ mdt, 

J S(t,x) 
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here S{t,x) = {t £ [0,1] | so that \s{t) ■ x\ > 1}. Puttmg S = e ^ > 1, note that 
log \ s{t)\ does not change sign almost everywhere on [0, 1], so 

\KM\U^) = I \xr-~^~''^{x) ( I WT-^-' ■ logj^md^ dx 

JR" \JS(t,x) ) 

>f \x\-"-"-P^uj{x) ( r \s{t)\-^-^. log -^mdt] dx 

Jm" \Jmin{l/|x|i//3,l} \S(t)\ J 

>( f \x\-^"+''+P'^Uj{x)dx\ ■ ( r \s{t)\-^-' - log ■i^{t)dt^ 



\x\>Sf> J \Jl/S / 



p 

LP{u 



±... . 1 



P 



\s{t)\- — log-— --mdt] 

1/5 \s{t)\ J 



As in the proof of theorem |2.3[ ||/e||^p(^-) > 0, so 



±._. , 1 



'1/5 

Letting e -> 0+, then 



s{t)\ p ^•log^-V(i)dt< ||C/;,J|lpM^lpM <oo. 



^ -log--^ ■ ip{t)dt < oo. 



Now we set b{x) = f{x) = 1b(o,i)(2;), the characteristic function of the ball -6(0, 1). 
Note that / e L^iu:), since a > -n and 6 e BMO{W). So we have 

Ksa.ix) = f {h{x) - b (,s(<) • x)) f (sit) ■ x) mdt 
Jo 

= (1b(o,i)(^)-1) ■ / ^it)dt, 

Js{t,x) 

where S{t,x) ^ {t e [0,1] : \s(t) ■ x\ < 1}. Since \s(t)\ < V for a.e. on [0,1], we 
can find a zero measurable E C [0, 1] so that S{t, x) D G [0, 1] : t < ^^^i/-, } \ E. 
For any 5 > 1, we obtain 

jjC/l Jll^.(^) > / io{x) ■ ( Z'^''^' mdt] dx 

^ ' Jl<\x\<S-' \Jq J 

> (j^ uj{x)dxj ■ ( J ijj{t)dt\ 



= ii/ir 



Therefore, for any 6 > 1 we get 

"1/5 fj 

%b(t)dt < -— < oo, 

" (57(o+«) _ 

where C=||C/^„||iP(^). 
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The left case when /?, 7 < 0, can be proved in the same manner as shown, with 
(7e used in place of /e, where 



if|a;|>l, 

if \x\ < 1. 



(b) We assume that \s{t)\ — oj has doubling property, and (I3.ip holds. Let 
b be any function in BMO{uj). We shall show that, t/^^^ can be determined as a 
bound operator on LP{uj). For any ball B of R", x ^ B, we have 

^ '' \UlJiy)\ujiy)dy 



coiB) 

<-k^l I mv)-b{s{t)-v))f{s{t)-y)\m^{y)dtdy 



B 

1 



^{B) Jb Jo 
1 f' 



JB 



\{b{y) - b {s{t) ■ y)) f {s{t) ■ y)\u{y)dymdt 



<^ t I my)-bB,^)f{s{t)-y)\^{y)dymdt 



L0{B) 

1 



JB 

1 



^(B) Jo 



1 



^{B) Jo 
h+h + h- 
Now take any 1 < r < p. 



B 



B 



I {bs,^ - bs(t)B,u) f {s{t) ■ y)\ uj{y)dyip{t)dt 
I {b{s{t)y) - 6,(t)B.^) / {s{t) ■ y) \ uj{y)dy^{t)dt 



Estimate for Ii: By Holder's inequality (l/r + 1/r' = 1), we deduce 
h< j'^ j^\fmy)\''^{v)dy^ ' l^\biy)-bB,y u;{y)dy^ ' ^dt- 



l/r 



<a-||6||BMOM- / , / \fiy)rujiy)dy] ^dt 

Jo \^ys(t)B) j^^t^B I 



Jo 

where Ci^ is a constant, which depends only on uj. 



Estimate for I^: Applying Holder's inequality again, we thus obtain 

h < l^\f my)]'' u;{y)dy^ ' .(^^^ ^ \b{s{t)y) -b,^^,)B.X ^^y)dy) ' mdt. 

- ' \ i/"" / \ 1/'"' 

\f{y)Yuj{y)dy\ ■ - 

/ \b{y) - bs(t)B,u,\ ^{y)dy\ tp{t)dt 



\uj{s{t)B) J.^t^B / \^mB) 



s{t)B 



< a • ll&llsMOH • {M^r {s{t)x)f''' mdt. 
Jo 
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Estimate for I2: We need the following lemmas. The first one generalizes a 
lemma of Torre and Torrea (see lemma 1.10 in [29]). 

Lemma 3.3. Let lo be a doubling weight Junction. Then, there exists a positve 
constant C so that for any balls Bi = B{xi, ri), B2 = B{x2, ^'2)7 whose intersection 
is not empty, and ^r^ ^ ri < 2r2, then i^{B) < Cijj{Bi), i = 1,2. Here, B is 
the smallest ball, which contains both Bi and B2. Moreover, for each function 
b e BMO{bj), we have 

\bBt.,Lo - bBo_,u\ < 2C\\b\\BMOiiu)- 

Proof. Since uj has doubling property, there exists a constant Ci , so that uj {B{x, 2r)) < 
CiU! {B{x,r)) for any x G M" and r > 0. Without lost of generality, we assume 
r2 < ri < 2r2. Let Bi = B{xi,ri), B2 = B{x2,r2) be two balls, whose intersection 
is not empty and ri > r2 . Take x G Bi n B2. Then, 

uj{B) <Lj{B{x,2ri) < CiLj{B{x,ri)) < Ciuj {B{xi,2ri)) < Cfuj{Bi) , 

and 

<w(S(x,4r2) <Cfij{B{x,r2)) < Cfu {B{x2,r2)) . 
Thus we can choose the constant C = max{Cf , Cf}. 



It is clear that 



uj — OB2 



< \bBi,uj - bB,uj\ + \bB,uj - bB2,u 



Now 



< 



\bB,u 



JBiM = 



bR.u, - 



L0{Bl) 



b{y)uj{y)dy 



oo{Bi) 



\b{y) - bB,^\u:{y)dy < 



C 



,{B) 



\b{y) - bB,uj\uj{y)dy < C\\b\\BMO{u)- 



The left term is estimated in a similar way. 



□ 



Lemma 3.4. Let B — B{xo,r) and 7 7^ 0. There exists a € (1, 2], such that 

(a) a-'B n a"(''+i)B ^ /or any i G N U {0}, 

(b) ifte [a-(''+i'/^,a"*/''] then a-^'+^^Br\t^B Here [a-(''+i)/^, a"*/'^] 
is the set of all real numbers between a^'^^^^'^^^ and a~^/^ . 

Proof. Let us consider the case when 7 > 0, the left case when 7 < is simi- 
lar. We need to choose a G (1,2] so that (a~* + a"'""'^) r > |a;o| {oT^ — a^*^^) 
and (P + a-'-i)r > \xo\{t'i - a-^-^) for any t G [a^^'+i^/'^, a"'/''] . These are 
equivalent to 

■(« + l) > ^(a-1) 



t^ 



1 _ + a-»-i (^1 + > for any t G [a-(*+i)/^, a"*/^] . 



But this is easy to choose by letting a — s> 1+. 



□ 
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Now we turn to estimate h- Let a be as in lemma Holder's inequality 
implies 



1 



m Jo 



I {bB,Lo - bs(t)B,u) f (s{t) ■ y)\ uj{y)dyilj{t)dt 



\fis{t) ■y)\uj{y)dy\ \bB,oj - bs(^t)B,u>\'ip{t)dt 



\^iB)jB 



V / {M^ns(t)x)f'''\bB,^-bsit)B...\mdt 



- X] / {M^f''{s(t)x)y^'' ^ \ba-(i+i)B.u - ba-iB,cu\ + | ^a" (^+1) " bs{t)B.u\ 1pit)dt. 



k=0 



a-C'!+i)/T 



Applying lemma l331 and lemma l3.41 we have |&a-(»+i)s,Lj ~ &q-'B,w| < C\\b\\BMo{u) 
and \ba-(k+i)B^^-bs(t)B,uj\ < C\\b\\BMo(uj}- Also, from t e [a^t'^+i)/'', a^'^'/'*'], it 

. From these, we have 



implies that k < C log a'' < C 

h < C\\b\\BMoi..) E / (M^/'-(s(t)a:))i/^ {k + 2) VXOrfi 



fc=0 ■ 



fe=0 



<C|16|1bmomE / {M^ris{t)x))'/''\log\s{t)\\mdt+2 / (M^r (s(i)a;))^/'- VXt)rfi 



<C\\b\\ 

BMO{lo) 



log' 



s{t)\ 



Combining the estimates of /i, /2 and /a, we obtain 



loe 



ip{t)dt. 



Take the supremum over all B such that x ^ B, and take LP(w)-norm of both 
side of the inequality above. We get 
(3.3) 

j\M^ns{t)-)f'"- {2+ log. ^ 



11^^- KJ) IIlpM < C\\b\\BMOiu 



] ^p{t)dt 
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The Minkowski inequality yields 



< C\\b\\BMO{u 



<C\\b\\BMO 



(UJ) 



loe 



<t)\ 



'4j{t)dt 



Lp(lj) 



[M^r {s{t)x)Y''' Lo{x)dx 2 + 



log- 



< C\\b\\BMO 



{M^r{x)f''u;{x)dx] \s{t)\-^m (2 + 



i/p 



log 



dt 
1 



sit)\ 



< c\\b\\BMOi^)\\f hpi^) \sit)\-—m[2 + 



log- 



<t)\ 



dt. 



where the last inequality is deduced by using lemma [Ol Since S Ll^^{uj), so 



by Lebesgue differential theorem 



{yi> s/) (^) ^-^^ We arrive at 
1 



log 



s{t)\ 



dt < oo. 

□ 



\\U;j\\LH^)<C\\b\\BMOi.)\\f\\LH^) I \sit)\- — m[2 + 
This finishes the proof of part (b). 

Corollary 3.5. Let t/j : [0,1] [0, oo), s : [0, 1] ^> M be measurable functions, 
to G Wa has doubling property and 1 < p < oo. We also assume that there exists 
real constants /?,7, such that fUj > and t^ < \s{t)\ < f for almost everywhere 

i e [0,1]. 

(a) If g is bounded on L'p{ijj) for any b G BMO{lu), then 



(3.4) 







log 



il){t)dt < oo. 



■ip{t)dt < oo. 



(b) // \s{t)\ — f , and Jg.^p holds, then ^ is bounded on V[lo) for any 
b G BMO{uj) with operator norm 



IK 



ip,s\\LP{uj) 



-m 2 



log- 



1 



s{t)\ 



dt 



\BMO[lo)- 
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